The paper presents upper estimates for the irrationality measure and the nonquadraticity measure for the numbers α k = √ 2k + 1 ln
, k ∈ N.
For any irrational α, the irrationality measure can be defined as the exact upper bound on the numbers κ such that the inequality α − p q < q −κ has infinitely many rational solutions p q
. By µ(α) denote the irrationality measure of α. The non-quadraticity measure can be defined for any real α which isn't a root of a quadratic equation as the exact upper bound on the numbers κ such that the inequality |α − β| < H −κ (β)
has infinitely many rational solutions in quadratic irrationalities β. Here H(β) is the height of the characteristic polynomial of β (taking an irreducible integer polynomial with one of the roots equal to β, H the largest absolute value of this polynomial's coefficients). By µ 2 (α) denote the non-quadraticity measure of α.
We are going to preset improved bounds on the irrationality measure and the nonquadraticity measure for the numbers
This paper is, in a sense, a continuation of the paper [2] by M. Bashmakova: the same integral is considered, but the denominator is estimated more accurately by using a certain coefficient symmetry. Some earlier estimates for the irrationality measure of the numbers investigated by the author have been obtained by A. Heimonen, T. Matala-Aho, and K. Väänänen [6] , M. Hata [4] , G. Rhin [10] , E. Salnikova [11] , M. Bashmakova [1] , [2] .
Some of the numerical results obtained in this paper have been summarized in the table below: Let n be an odd positive integer, and let a, b be fixed positive integers (where b is odd) such that b > 4a. Define a polynomial as follows:
Consider an integral
where z = 0, the vertical line L is given by the equation Re ζ = C, where −(b − 2a)n < C < −2an − 1, and this line is traversed from bottom to top. We also suppose that (−z) −ζ = e −ζ ln(−z) , where the branch of the logarithm ln(−z) = ln |z| + i arg z + iπ is chosen so that | arg z| < π. Statement 1. For all z ∈ C such that 0 < |z| < 1 we have
where the functions U(z), V (z), W (z) ∈ Q(z) are defined for |z| < 1 by the following equations:
The proof of this statement (in a somewhat different form) has been given by Yuri Nesterenko [7] . He has also proved the following lemma (see Lemma 1 in [7] ).
It has also been shown (see Statement 2 and Lemma 1 in [2] ) that
If the number x satisfies x + 1 x ∈ Q, then we obtain U(x),
, W (x) ∈ Q. Now consider the values of the integral at the following points:
In this case we have
. This easily leads to
Let us define Ω as the set of 0 y < 1 such that for all x ∈ R the inequality
is satisfied. The set Ω is a union of points, as well as closed, half-open and open intervals. Clearly, the points of the interval 0; ∈ Ω. Let d n be the least common multiple of 1, 2, . . . , n. Let us introduce the following rational numbers:
Lemma 2. Let x k be defined by (5), then we have
Proof. Let us prove the statement for B. The statements for A and C can be proved by the same argument. It suffices to show that B 2 ∈ K, where K is the ring of algebraic integers, which would imply that B is also an algebraic integer. Then from the property (6) we could say that B ∈ Q, and consequently B ∈ Z.
Let A 1 (z) be a polynomial of degree 3(b − 2a)n such that A 1 (z) = A(z − an). Then it's easy to see that
Let us rewrite (3). Defining l as l = k − an and applying (8), we obtain
Then by Lemma 1 we have
Lemma 4 of [7] states that
It is true that
= t 1 and
= t 2 are the solutions of the equation
= 0. Clearly, they must be algebraic numbers. Applying (4) yields that
If k is even, then for all positive integers N we have t N i ∈ K since t i ∈ K. If k is odd, then for all positive integers N we can write 2 [
Let us consider the following two cases: 1. k = 2m. Then by (9) we have
2. k = 2m − 1. Then (9) yields that
This concludes the proof of the lemma.
We proceed by formulating several known results, which have been stated in [2] as Lemmas 5 and 6. Statement 2. Let x ∈ R, 0 < x < 1. If the equation
has a unique solution z 0 > b, then
Statement 3. Denote
where z 1 is the complex root of the equation
satisfying the condition Im z 1 > 0. Then we have lim sup
To compute
we are going to use Lemma 6 from [7] .
Lemma 3. Let u, v be real numbers such that 0 < u < v < 1. Then
where
is the logarithmic derivative of the gamma function, and the sum is taken over all primes p such that the fractional part n p lies in the given range.
Let us formulate a lemma by Hata (see [3] , Lemma 2.1), which will allow us to prove the principal theorem of this paper.
Lemma 4. Let n ∈ N, α ∈ R, let α be an irrational number, and let l n = q n α + p n , where q n , p n ∈ Z and
Now we can state the principal theorem, which will be proved by applying the Hata's lemma to the sequence
By Lemma 2, we have P n , Q n ∈ Z. Clearly, we can also write
Theorem 1. Assume that a, b ∈ N satisfy b > 4a, x is defined by (5), the numbers M 1 and M 2 are defined by Statements 2 and 3, the set Ω is defined by (7) , and N 1 is defined by (10) .
We are going to formulate another lemma by Hata (see [5] , Lemma 2.3), which will allow us to prove another theorem.
Lemma 5. Let n ∈ N, and assume that α ∈ R is not a quadratic irrationality (i.e., not a root of a quadratic integer polynomial). Take l n = q n α + p n , m n = q n α 2 + r n , where q n , p n , r n ∈ Z, and assume
Then we have
Now we can easily formulate our second theorem by applying lemma 5 to the following sequences:
By Lemma 2, we have X n , Y n , Z n ∈ Z. We can also see that
Theorem 2. Assume that a, b ∈ N satisfies b > 4a, x k is given by (5), the numbers M 1 and M 2 are defined by Statements 2 and 3, the set Ω is defined by (7) , and N 2 is defined by (10) .
Remark 1. In conclusion, let us give the parameter values that have been used to obtain the results presented in the beginning of this article. For each of the given values of k, the irrationality measure µ(α k ) were obtained by taking a = 1, b = 7. Non-quadraticity measures µ 2 (α k ) have been derived by taking a = 2, b = 23 for k = 6 and a = 1, b = 13 for k = 8, 10, 12. Note that we couldn't estimate the quadratic irrationality for odd values of k because of the high growth rate of the "denominators" denoted as q n in Lemma 5.
Remark 2. Using the same approach the author proved a few theorems. If one takes (2) instead of x k and uses the sketch of the proof Theorem 1, one can prove
. Then we have in (2) instead of x k and uses the sketch of the proof Theorem 1 (one needs Lemma 4 in a somewhat different form), one can prove Theorem 4. For any ε > 0 there exists 0 < q(ε) ∈ Z such that for any(ε), p 1 , p 2 ∈ Z we have
One can read the proof of Theorem 4 in [8] .
If one considers the integral (2), where
A(x) = x + 10n + 1 10n + 1
x + 9n + 1 8n + 1
x + 8n + 1 6n + 1
x + 7n + 1 4n + 1 ,
, then using the sketch of the proof Theorem 2 one can prove Theorem 5. Let α k = √ 2k + 1 ln
. Then we have One can read the proof of Theorem 5 in [9] . The author would like to express his deep gratitude to his scientific advisor Yuri Nesterenko and to Nikolai Moshchevitin for their interest in the research and their timely advice.
